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Overview
•Propose a data-driven, computationally efficient framework for non-parametric
robust hypothesis testing

•Develop a nearly-optimal detector and provide an elegant interpretation of the
least favorable distributions

Introduction

•Hypothesis testing with limited samples

Imbalanced classification Anomaly detection

•Existing robust approaches require density estimation
•Huber’s ε-contamination sets [1]

Pi =
{

(1− ε)qi + εfi : fi is any probability density
}

–May not work well in high dimensions
•Parametric hypothesis test via convex optimization by Juditsky and Nemirovski [2]

Pi =
{
Pθ : θ ∈ Θi

}
–Restrictive convexity assumptions on the parameters

•Goal: find a data-driven non-parametric test that is simple, optimal, robust, and
scalable!

Problem Setup

•Given an observation ω ∈ Ω, we would like to decide
H1 : ω ∼ P1, P1 ∈ P1
H2 : ω ∼ P2, P2 ∈ P2

•Wasserstein uncertainty sets:
P1 = {P :W(P,Qn1

1 ) ≤ θ1}
P2 = {P :W(P,Qn1

1 ) ≤ θ2}
where Qn1

1 and Qn2
2 are empirical distributions,

and W denotes the 1-Wasserstein distance
𝒫1

𝒫2

𝑄1
𝑛1

𝑄2
𝑛2

•Problem: find a test T : Ω→ {1, 2} to minimize the worst-case type I and type II
errors

inf
T :Ω→{1,2}

max
{

sup
P1∈P1

P1{ω : T (ω) = 2}, sup
P2∈P2

P2{ω : T (ω) = 1}
}

•Challenges:
•Non-convex in T
• Infinite-dimensional optimization over T
• Infinite-dimensional optimization over P1, P2

Detector-based Test

•Consider a detector φ
φ(ω) ≤ 0⇒ Tφ(ω) = 1⇒ Claim H1
φ(ω) > 0⇒ Tφ(ω) = 2⇒ Claim H2

•Convex relaxation: convex surrogate ` for the 0-1 loss:
inf

φ:Ω→R
sup

P1∈P1,P2∈P2

EP1[` ◦ (−φ)(ω)] + EP2[` ◦ φ(ω)]

• Result I [Near-optimality]: Whenever there exists a feasible solution T of the
original problem with objective value ≤ ε ∈ (0, 1/2), there exist a feasible solution
φ of the relaxed problem with objective value ≤ ψ(ε)

`(t) ψ(ε)
exp(t) 2

√
ε(1− ε)

log(1 + exp(t))/ log 2 H(ε)/ log 2
(t + 1)2

+ 4ε(1− ε)
(t + 1)+ 2ε
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Convex Exact Reformulation

• Result II [Strong duality] infφ:Ω→R supP1∈P1,P2∈P2 EP1[` ◦ (−φ)(ω))] + EP2[` ◦ φ(ω)]
is equivalent to

max
p1,p2∈R

n1+n2
+

γ1,γ2∈R
(n1+n2)
+ ×R(n1+n2)

+

n1+n2∑
l=1

(pl1 + pl2)ψ
( pl1
pl1+pl2

)

subject to
n1+n2∑
l=1

n1+n2∑
m=1

γlmk
∥∥ωl − ωm∥∥ ≤ θk, k = 1, 2,

n1+n2∑
m=1

γlmk = Qnk
k (ωl), 1 ≤ l ≤ n1 + n2, k = 1, 2,

n1+n2∑
l=1

γlmk = pmk , 1 ≤ m ≤ n1 + n2, k = 1, 2

•Statistical interpretation
–Minimizing the divergence D(P1, P2) over P1 ∈ P1, P2 ∈ P2 that are supported
on the n1 + n2 empirical points

•Complexity
– Independent of the dimension of Ω, and nearly independent of sample size
O(lnn1 + lnn2) for most cases

•Proof Sketch
1 inf sup = sup inf
–Derived using results on Wasserstein distributionally robust optimization [3]

2

inf
φ:Ω→R

EP1[` ◦ (−φ)(ω)] + EP2[` ◦ φ(ω)] =
∫

Ω
ψ
(

dP1
d(P1+P2)

)
d(P1 + P2)

3 Structural characteristics of the least favorable distributions for
sup

P1∈P1,P2∈P2

∫
Ω
ψ
(

dP1
d(P1+P2)

)
d(P1 + P2)

Least Favorable Distributions and Optimal Detector

•The least favorable distributions P ∗1 , P ∗2 have an identical
support on supp Qn1

1 ∪ supp Qn2
2

•The worst-case risk is 2(1−D(P ∗1 , P ∗2 )), where P ∗1 , P ∗2
depend on `, Qn1

1 , Q
n2
2 , and θ1, θ2

𝑄1
𝑛1 𝑄2

𝑛2

•Optimal detector
`(t) φ(ω) 1− 1/2 Risk

exp(t) log
√
p∗1(ω)/p∗2(ω) H2(P ∗1 , P ∗2 )

log(1 + exp(t))/ log 2 log(p∗1(ω)/p∗2(ω)) JS(P ∗1 , P ∗2 )/ log 2
(t + 1)2

+ 1− 2 p∗1(ω)
p∗1(ω)+p∗2(ω) χ2(P ∗1 , P ∗2 )

(t + 1)+ sgn(p∗1(ω)− p∗2(ω)) TV (P ∗1 , P ∗2 )

Numerical Example

•Human activity detection

Credit: CSIRO Research
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Figure: Jogging vs. Walking, the average is taken over 100 sequences of data.
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