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Sequential Changepoint Detection

Sequential/online observations:
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Application Examples
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Sequential Changepoint Detection

The well-known Cumulative Sum (CUSUM) procedure:

> CUSUM statistics: S, = max z f1(x) I \ N(O 1,’ il N(L,2)! il m\ |
kSt . k 1 fO (xl) ) \\\\‘ } N ‘\" \‘\‘\ ‘\ ,.\| Iy “‘( \“\“l\‘ H\W‘U\r M ’“\H"" H}\f
1=K+ j ‘H“ \~| ‘m” I H ‘ ‘M‘l / ‘U\\‘\ I \ ‘ {
search over all past times i

» Arecursive implementation: Fully online and memory efficient CUSUM stat

fi (xe) _
xS0 =0

S¢ = max{St 1 +log

» Stopping time: TC = inf{t: St = v}

Limitation: need to fully specify f; and f; (almost impossible in practice)

6
Page, E. S. (1954). Continuous inspection schemes. Biometrika, 41(1/2), 100-115.



Generalized Likelihood Ratio test

e Recall CUSUM statistic:

— max z log f1(xi)

kst £ 0o (x0)
* GLR statistic:
t
SGLR = max sup z logfl(xi; 3) Stopping time:
Osk<t geo L=t fo(xi) T, = inf{t: SIR > v}

T

Maximum likelihood estimate

(Assuming the unknown post-change distribution f; g is parametrized by 0)

(There are also non-parametric versions based on density ratio estimation.)

7
Lai, T. L. (1998). Information bounds and quick detection of parameter changes in stochastic systems. IEEE Transactions on Information theory, 44(7), 2917-2929.



Limitations of GLR test

 GLR statistic:

GLR
St

i A0
= Orélkaé(t zlég | 08 o (x) High computational complexity

I=k+1

* A window-limited version (computationally more efficient)

t
x;i; 0
SPELR = max sup | [ (xi; 9)

og
t-wsk<tgeo La ~© fo(x:)

w must satisfy liminf w/log~y > Ia 1 and logw = o(log )

Still high computational complexity and a large window is needed for strong false alarm requirements

Lai, T. L. (1998). Information bounds and quick detection of parameter changes in stochastic systems. IEEE Transactions on Information theory, 44(7), 2917-2929.



» Goal: min Detection Delay
st ARL=>y

20

run length 4s

T

10

» CUSUM are exact-optimal

threshold b .
lo

T:ARL(T)=y |

lo = KL(f1||fo) is the KL divergence.
> Average run length (ARL)

» GLR are asymptotically-optimal Eoo[T]

EDD(T;)= min EDD(T) = i”(1+o(1)) i

EDD(T¢) > Worst-case expected detection delay (EDD)
min_ EDD(D) — 1, asy = oo, (ARL(T,) = y)
T:ARL(T)=y Sup ess sup E.[(T — )" |xg, oo, X7—1]
T
Moustakides, G. V. (1986). Optimal stopping times for detecting changes in distributions. Annals of Statistics, 14(4), 1379-1387. 9

Lai, T. L. (1998). Information bounds and quick detection of parameter changes in stochastic systems. IEEE Transactions on Information theory, 44(7), 2917-2929.



This talk:

A new online change detection algorithm that

» Can be used when post-change density is unknown (while CUSUM cannot)
» Computationally more efficient than GLR

» Enjoys first-order asymptotic optimality (same as GLR)

10
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* A Newly Proposed Window-limited CUSUM Method

* Examples and Applications
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Our Method: Window-Limited CUSUM

e Recall CUSUM statistic has recursive formulation:

_ c+ f1(x¢) _
S¢e =8¢+ logfo(xt) , So=0.

* Window-limited CUSUM: Still enjoys recursive formulation

fi (2 O¢—1)
fo(xt) ’

'St — 5;__1 + log

* Stopping time: J = inf{t > w: §; = v}

* Use any consistent estimate ét, e.g., the MLE

w-—1
0, = arg rgeaé( 2 log f1(x¢-i; 0) ét_l
i=0

Xie, L., Moustakides, G. V., & Xie, Y. (2023). Window-Limited CUSUM for Sequential Change Detection. IEEE Transactions on Information Theory.

S,=0t=w+1w+2,.

12



Key Assumptions

v The pre-change distribution f;; does not belong to the post-change distributions f; (-, 8)

with parameter set 0.
Post-change: f1(:,0)

Pre-change: f, ° .

v" Under the post-change regime, we assume the estimate ét is (asymptotically) unbiased.
And Cov(B;) = = Zo(1 + 0(1)).

v" Under the pre-change regime, we assume the mean of the estimator ét is (asymptotically) 0.

A 1
And Cov(é?t) = ;/Zoo(l + 0(1)). 0. = arg max Eoo[log fo(&1,6)]

13



Theoretical Guarantee - ARL

Lemma (ARL of the proposed method) ARL(J) =eV =y ®m v =Ilogy

Proof sketch: Define a new statistics Window-limited CUSUM

A Lt > eSt
f 0;_ - )
0(&t, 0y 1), Lo =0, S, =S+, +log fo(&t, 0:—1) 8, = 0.

L= (’Ct—l + 1) foo(ft) foo(ft) ’

f0(§t7 ét—l)

Eoo[Lt — t|32t—1] = Ex |(Li-1+1) f.(&)

— 1

%_1] =L, ,— (t—1). Martingale

e’ < Exo[e®] € Exo[L7] = Eo[T] — w < Eoo[T]

14



Theoretical Guarantee - EDD

Theorem 1 (EDD of the proposed method)

Assume I,>0. We can upper bound the worst-case EDD of the proposed window-limited CUSUM:

1 1
v 1 2
logy +§0 (é—‘”ogy) +wly + (IO IOW)
EDD(J) < 0 0 0
Io
A fi(xe; Oe- 1)] < fi(xe; Be- 1))
h Ihb = Eyllo , Eo [{ lo
mere "[ eI 0[ folxo)
logy
» As y is usually large, the upper bound is dominated by ;
0

> Recall the EDD of the exact-CUSUM is (1+ 0(1))

15



Theoretical Guarantee - EDD

N|

logy +]O ( 0 logy) +wly + (AO Iow)
Ip  \Iy Iy
EDD(J) < =

lo

Proof sketch:

1. We can show that sup ess sup E;[(J — ©) ¥ |xq, ..., x;—1] = E¢[J] (The worst-case delay is attained when change-point is 0)

721
fi (xt; ét—l)
fo(xe)
f1(xt; ét—l)
fo(xt)

2. Relate to another stopping rule: U, = U,_, + log U, =0. J =inf{t =2 w: U, = v}

Original: &, = 8§ + log

3. Bound the detection delay of the alternative stopping time 7', using Wald’s identity for w-dependent sequences.

4. Bound the overshoot 16



Theoretical Guarantee - EDD

N|

logy +]0 ( 0 logy) +wly + (AO IOW)
Iy \I, Iy
EDD(J) < =

lo

Proof sketch:

Main Technique 1: Wald’s identity for w-dependent sequences X1, X2, ..., X1, X141 s Xn+wr Xn4+w+1r =+

\

M —

independent

E9u1 +w| EBUI—I/ —|—]/_|_w|
oE2[T"] — wly < E9[Us] Efy] < ol Ti] o _ EflUs i] 5
0 0

Main Technique 2: Bounding the Overshoot R, = Uy — v

@ < b B+t wh) = B < b+ () ¢ ()

lo

G. V. Moustakides, “Extension of Wald’s first lemma to Markov processes,” J. Appl. Probab., vol. 36, no. 1, pp. 48-59, 1999. 17
G. Lorden, “On excess over the boundary,” Ann. Math. Statist., vol. 41, no. 2, pp. 520-527, 1970.



Theoretical Guarantee - Optimality

Theorem 2 (Asymptotic optimality)
o(logy)

If the window size w is chosen asw = 0((logy)“) with 0 < a < 1 then

), g = min{a,l—a,%}.

Y
s1+o(
(logy)F

(- lasy — x)

The maximal convergence to unity is achieved when § = %, which occurs for a = %: w = 0(1/10g y).

T logy . logy . 1 _
1—)}1_r)IOlOIEo[Tc]f e S)}I—{IoloIEO[J]/,Q S)}I—I&{l-l_o((logy)ﬁ)}_l

CUSUM WLCUSUM (proposed)

Optimal window-size:

\/trace{EO FO} log ------- { - o <

Recall GLR requires window size of
ov2 .

(logy)1 £ the order O(log y)
18



Comparison of Complexity and Optimality

Exact-CUSUM

Window-limited GLR

WL-CUSUM

t .
f1(xe) WGLR _ Z f1(x;; 0) e fl(xti 9t—1)
=St S = max sup lo S¢ = 81 +log
St St—l + 1Og fo (xt) t t—w<k<t 0o L g fo (xl) t t—1 fo (xt)
logy 1 logy logy 1
T.| = 1 — < 1 E < 1+0
Eo[Te] I < t0 (logy)) EolTel < I (140(1) olJ] Iy (logy)F

No window size, most efficient
But require f,, f1 known

Window size
liminfw/logy > Ial and logw = o(log~)

Window size only
w = 0((logy)%)

O<a<l1

Complexity 0((logy))2 per time update Complexity 0(,/10gy) per time update

WL-CUSUM is more efficient, and still asymptotic optimal

19



A Variant — Parallel WLCUSUM

Some limitations of the proposed WLCUSUM procedure:

» For any fixed w, the WLCUSUM procedure will start after observing w samples,
meaning a delay at least w

» The optimal window size is unknown when the post-change signal strength I, is unknown

v \/trace{EOFo}\/lOE{l_l_@( 1 ) }
IO\/E (lngy)%

Solution: parallel WLCUSUMS with different window sizes, ranging from
Denote J(w) as the stopping time using window size w.

Parallel approach’s stopping time: Jp = min J(w)
1swsW
» we do not wait for W samples to start the detection procedure
» we do not need to specify an exact window size beforehand
» With a suitable choice of W, such parallel procedure is still asymptotic optimal

to max

20



Examples: subspace change detection

e Emerging subspace problem: O N——
Long, Beach Survey L ‘::L":;:g *.""i:*““‘” - :
iid T N S -
z; ~ N (0, 0'2[) t=1,2,...,T, ﬁgbf%ﬁj -
eV e -
iid e LN s
Tt NN(O 0’2[ +9’U,’ILT) t=7+1,... — “Ft“;{j =
fress ff«z&m«‘ .
e R L v >
P Unkn own 7-,0’ U. de::t; sg:::mml ot “I’\'&—.:.n-; -
e Proposed Subspace-CUSUM Statistics:
° ° v*
SO : O, o .. .. L ] - ./I;’I
!

fl(a:t) o ® ”/".
fo(z¢) ‘
~ (Si—1)T + (4¢Twe)? — 32(1 +02/0) log(1 + 9/022 X, Xpntr ' Xerw
; A \ ’T\ )

U

St = (Sp—1)" + log ———=

= inf{t : S; > b}.
T { t > } Many online subspace tracking algorithms:
GROUSE, PETRELS, PAST, ......

Xie, L., Xie, Y., & Moustakides, G. V. (2020). Sequential subspace change point detection. Sequential Analysis, 39(3), 307-335. 21

Xie, L., Moustakides, G. V., & Xie, Y. (2018). First-order optimal sequential subspace change-point detection. GlobalSIP (pp. 111-115). IEEE.



Examples: subspace change detection (rank-
k)

Frame 424
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: : » Real-time location of 18 body joints

» Each joint is a point in the Cartesian coordinate,

n changing over time

| | » Dynamic (gesture-dependent) correlation among different joints

22
Microsoft Research Cambridge-12 Kinect gesture dataset. https://www.microsoft.com/en-us/download/details.aspx?id=52283



https://www.microsoft.com/en-us/download/details.aspx?id=52283

Examples: community detection

n nodes
m(<«< n) communities

A Sequence of Graph (V; ,E,) A Sequence of Graph (V, , E,)

G-z G- % Gy Grs Gy % Gy
e o it a ? o 1 o %4 g 7 « « i
/e ® , 9! y i = e DY ¥
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e e g /4 ® | Y o o <7/ g® @ /4

(a) Emergence problem illustration (b) Switching membership problem illustration

Ho: v~ N©O,51), t=1,2,...
H; : vt%i. (0,0—121), b= 1D s 57T

For example,n = 3,m = 2

1 0]« Node-1 belongs to 15t community
i.id. ol 2 7\ —1 _ 1 9 A=11 0|« Node-2 belongs to 1t community
Ut (0’ (AA +o I) )’ t=7+1,7+2,... 0 1]« — Node-3 belongs to 2" community
Inverse covariance matrix 1 1 0
Gaussian graphical mode AAT =11 1 0 adfjacency matrix
Estimate unknown A4 using eigen-decomposition, or subspace tracking, ... 0 0 1

23
Zhang, M., Xie, L., Xie, Y. (2023). Spectral CUSUM for Online Network Structure Change Detection. IEEE Transactions on Information Theory.



Numerical Demonstrations:
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WL-CUSUM performs better than GLR when the signal strength is weak, with much less operations



Summary and Discussion

* A new CUSUM type approach for online change detection
» Joint detection & estimation, for unknown post-change densities
» Computationally efficient

» First-order asymptotic optimality

e Opportunities and future directions
* online estimate of unknown post-change parameters (gradient descent, etc.)

* non-parametric and data-driven problems

* Robust detection (robust to distributional uncertainties, data contamination, etc.)



Thanks!

Any questions?

xieliyan@cuhk.edu.cn

xlyustc@gmail.com George V. Moustakides Yao Xie Minghe Zhang

University of Patras Georgia Tech Georgia Tech

https://liyanxie.qithub.io/

Xie, L., Moustakides, G. V., & Xie, Y. (2023). Window-Limited CUSUM for Sequential Change Detection.
IEEE Transactions on Information Theory.
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